Abstract. In this article we define a natural tropicalization procedure for closed subsets of log-regular varieties in the case of constant coefficients and study its basic properties. This framework allows us to generalize some of Tevelev's results on tropical compactification as well as Hacking's result on the cohomology of the link of a tropical variety to log-regular varieties.
Introduction
Let k be an algebraically closed field. In [Kat94] K. Kato defines the notion of a log-regular variety, a generalization of a toric variety in the category of logarithmic schemes over k. Such a log-regular variety X contains an open and dense non-singular subset X 0 ⊆ X on whose complement X − X 0 at most toroidal singularities are allowed. Moreover X −X 0 has a natural stratification by locally closed subsets, called the strata of X. These strata are in an order-reversing one-to-one correspondence with the positive dimensional cones in a rational polyhedral cone complex Σ X that is canonically associated to X.
Let Y be a closed subset of X 0 . Based on the techniques developed in [Uli13] we define in this note a tropical variety Trop X (Y ) of Y relative to X as a subset of Σ X . Moreover we are able study the geometry of the closure Y of Y in X expanding on results of Tevelev [Tev07] , who has treated the case of X being a toric variety.
Let X ′ be a log-regular compactification X ′ of X. Then the cone complex Σ X is naturally a subcomplex of Σ X ′ and we have Trop X (Y ) = Trop X ′ (Y ) ∩ Σ X for every closed subset Y ⊆ X 0 . (ii) If Trop X ′ (Y ) ⊇ Σ X , then Y intersects all strata E of X and the intersection has the expected dimension, i.e.
Using Nagata's embedding theorem and logarithmic resolution of singularities we obtain the following application of our results. Theorem 1.3. Suppose k is of characteristic 0. Let Y be a closed subset of a smooth variety X 0 . Then there is a partial log-regular compactification X of X 0 such that (i) the closure Y of Y in X is proper over k, and (ii) the intersection of Y with every stratum E of X is non-empty and has the expected dimension.
Suppose now that k = C. In [Hac08] Hacking exhibits that, in good cases, the simplicial cohomology of the link of a tropical variety recovers the weight zero part of the cohomology in the sense of [Del71] . In our situation the following result holds. Theorem 1.4. Let X be a log-regular variety over C. Then there are natural isomorphisms
for all i.
Let Y be a schön subvariety of a split algebraic torus T over C. 
Further details of our approach to tropicalization are explained in [Uli13] , which also treats the more general situation of fine and saturatedétale logarithmic schemes and, in particular, the case of self-intersection. It is closely related to Thuillier's work [Thu07] on the non-Archimedean geometry of toroidal embeddings, as well as to Popescu-Pampu and Stepanov's work [PPS13] on local tropicalization. For the former we also refer the reader to [ACP12, Section 2 and 5].
1.1. Conventions. We work over an algebraically closed field k that is endowed with the trivial norm. A variety X over k is a separated integral scheme of finite type over k. A logarithmic structure on X will always be defined in the Zariski topology.
We can associate to X its analytification X an in the sense of Berkovich [Ber90] , but also the analytic domain X in X an defined by Thuillier in [Thu07] . If X = Spec A is affine X an is the set of seminorms |.| x on A extending the trivial norm on k, and X is the subspace of bounded seminorms, i.e. seminorms |.| x that fulfill |a| x ≤ 1 for all a ∈ A. There is a continuous structure morphism ρ : X an → X and an anti-continuous reduction map r : X → X. If X = Spec A is affine, the map ρ sends x ∈ X an to the prime ideal ker |.| x in A and r sends x ∈ X to the prime ideal a ∈ A |a| < 1 . We write R ≥0 for the additive monoid of non-negative real numbers and R ≥0 for its extension R ≥0 ∪ {∞} with the obvious addition rules. A monoid P is said to be fine, if it is finitely generated and the canonical homomorphism P → P gp into the associated group is injective. In this case P is said to be saturated if n · p ∈ P for some p ∈ P gp and n ∈ N >0 already implies p ∈ P . A fine and saturated monoid P is called toric, if it contains no non-trivial torsion elements, and sharp, if it contains no non-trivial units.
A monoidal space is a topological space X together with a sheaf of monoids O X . It is said to be sharp, if the monoid O X,x is sharp for x ∈ X. A morphism of sharp monoidal spaces consists of a continuous map f : X → Y and a morphism of sheaves of monoids
−1
x (0) = 0 for all x ∈ X. 2. Log-regular varieties 2.1. Log-regular varieties. Fix an algebraic variety X together with a fine and saturated logarithmic structure (M X , α X ) in the sense of [Kat89] consisting of a sheaf M X of monoids on X and a morphism α :
Recall from [Kat94] that X is said to be logarithmically regular (or short: logregular ), if for all x ∈ X:
is a regular local ring, and
Since k is perfect, by [Kat94, Proposition 8.3] this is equivalent to X being logarithmically smooth over Spec k endowed with the trivial logarithmic structure k * .
Example 2.1. Let N be a free and finitely generated abelian group and set M = Hom(N, R). Consider a toric variety X = X(∆) defined by a rational polyhedral fan
, as explained in [Ful93] . The toric boundary divisor X − T defines a divisorial logarithmic structure M ∆ on X making X log-regular.
Example 2.2. Let X be a smooth variety and D be a divisor on X with simple normal crossings. Then the divisorial logarithmic structure M D associated to D makes X into a log-regular variety.
2.2. Characteristic morphism. Suppose that X is log-regular. Consider the subspace
of X, where m X,ξ denotes the unique maximal ideal in the local ring O X,ξ . Endow
There is a morphism
called the characteristic morphism of X, that is given by sending x ∈ X to the point φ(x) ∈ F X corresponding to the prime ideal I(M X , x) in O X,x . Here we write O X for the sheaf O X /O * X . By [Kat94, Proposition 10.1] F X has the structure of a fine and saturated Kato fan, i.e. F X is a quasicompact sharp monoidal space in which every point ξ ∈ F X has an open neighborhood U ⊆ F X that is isomorphic to the spectrum Spec P of a fine and saturated monoid P . Hereby the spectrum Spec P is the set of prime ideals p in P , endowed with the topology generated by the sets
for f ∈ P and a structure sheaf determined by
where P f denotes the localization of P with respect to the submonoid {n · f |n ∈ N}. We refer to [Kat94, Section 9] as well as to [GR04, Section 3.5] and [Uli13, Section 3] for further details on the theory of Kato fans.
Example 2.3. If X is a toric variety with big torus T , then F X is the set of generic points of T -orbits in X. The characteristic morphism sends a point x in X to the generic point of the unique T -orbit containing x. Moreover, if X = Spec k[P ] is an affine toric variety, defined by a toric monoid P , then F X = Spec P and φ X is induced by the homomorphism P → k[P ].
2.3. Toroidal stratification. The points in F X define a stratification of X by locally closed subsets. Its strata are given by
for ξ ∈ F X , where ξ ′ runs through all strict specializations of ξ in F X (written as ξ → ξ ′ ) excluding ξ itself and {x} denotes the closure of a point x ∈ X. Write X 0 for the unique open stratum. It is generated by the generic point of X.
Given
where ξ ′′ runs through all ξ ′′ ∈ F X that specialize to ξ, including ξ itself. Definition 2.5. Given ξ ∈ F X , a toric chart γ : U → Z as above is said to be ξ-small, if U ⊆ X(ξ).
Proof. Since U ⊆ X(ξ) the fan F U is naturally homeomorphic to Spec P . Noting that the chart P → M U induces an isomorphism P/P * ≃ M U,ξ now yields F U ≃ Spec P = F Z . The commutativity of the above diagram follows from the natural factorization
2.5. Toroidal modifications. Given a fine and saturated Kato-fan F , recall from [Kat94, Section 9] that a proper subdivision of F is a fine and saturated Kato fan F ′ together with a morphism f :
is finite for all x ∈ F , and (iii) the induced map Hom(Spec N,
Let X be a log-regular variety and denote by F = F X its associated Kato fan. Given a proper subdivision F ′ → F , by [Kat94, Proposition 9.9, Proposition 9.11, and Proposition 10.3] there is a log-regular variety X ′ together with a proper birational
is commutative. The modification X ′ → X is final among those logarithmic morphisms giving rise to such a diagram and induces an isomorphism X ′ 0 ≃ X 0 . We are going to refer to the logarithmic morphism X ′ → X as the toroidal modification of X induced by the proper subdivision F ′ → F .
3. Tropicalization 3.1. Cone complexes. Fine and saturated Kato fans were used by K. Kato [Kat94] as a replacement of the notion of a rational polyhedral cone complex (or short: cone complex ) as defined in [KKMSD73] . For a fine and saturated Kato fan F the underlying set of the associated cone complex Σ F is equal to be the set of morphisms Spec R ≥0 → F . In order to recover its structure as a cone complex consider the reduction map r : Σ F → F that is given by sending a morphism u : Spec R ≥0 → F to u(R >0 ) ∈ F .
Proposition 3.1. Suppose that F is a fine and saturated Kato fan. Then the inverse image r −1 (U) of an open affine subset U = Spec P in Σ F is a strictly convex rational polyhedral cone σ U = Hom(P, R ≥0 ) and its relative interiorσ U is given by r −1 (x) for the unique closed point x in U.
(ii) The intersection σ U ∩ σ V is a union of finitely many common faces.
Proof. Let U = Spec P be open affine subset of F . Then
and this is a strictly convex rational polyhedral cone σ U . Its relative interiorσ U is equal to
for the unique closed point x of U = Spec P . For (i) let y ∈ U = Spec P be the unique closed point of V and denote by p y the corresponding prime ideal. Then O F,y = P py /P * py and r −1 (V ) = Hom(P py /P * py , R ≥0 ) = Hom(P py , R ≥0 ) is a face of Hom(P, R ≥0 ). Definition 3.2. The extended cone complex Σ F associated to F is defined to be the set of morphisms Spec R ≥0 → F .
The extended cone complex Σ F is a canonical compactification of the open and dense subspace Σ F of Σ F . The reduction map r above extends to a map r : Σ F → F and the statements of Proposition 3.1 go through without any problems. The weak topology on Σ F is defined analogously, where the topology of pointwise convergence on Hom(P, R ≥0 ) serves as a local model.
In our framework it is desirable to think about the extended cone complex Σ F of F as an analogue of the Berkovich analytic space X associated to a variety X. In particular there is also a continuous structure map ρ : Σ F → F given by sending a morphism u : Spec R ≥0 → F to the point u {∞} ∈ F .
We refer the reader to [Uli13, Section 3] for further details on this construction.
Example 3.3. If F = F X is the Kato-fan associated to a toric variety X = X(∆) defined by a fan ∆ ⊆ N R , then there is a natural identification Σ X = ∆.
3.2. Tropicalization. Let X be a log-regular variety and denote by φ X : (X, O X ) → F X its characteristic morphism. Write Σ X and Σ X for the cone complex and the extended cone complex associated to F X respectively. In [Uli13, Section 6.1] we define the tropicalization map trop X → Σ X as follows: A point x ∈ X can be represented by a morphism x : Spec R → (X, O X ) for a valuation ring R extending k, since |a| = 1 for all a ∈ R * . Then its image trop X (x) in Σ X = Hom(Spec R ≥0 , F X ) is given by the composition
where val # is the morphism Spec R ≥0 → Spec R induced by the valuation val : R → R ≥0 on R.
Recall the following Proposition 3.4 from [Uli13] .
Proposition 3.4 ([Uli13] Proposition 6.2 (i)).
The tropicalization map trop X : X → Σ X is well-defined and continuous. Moreover, the diagrams
Corollary 3.5 (Strata-cone correspondence). There is an order-reversing one-to-one correspondence between the cones in Σ X and the strata of X. Explicitly it is given bẙ
for a stratum E of X.
Proof. This is an immediate consequence of the commutativity of
from Proposition 3.4, Proposition 3.1 and the fact that φ X sends every point in a stratum E = E(ξ) to its generic point ξ.
Corollary 3.6. The tropicalization map induces a continuous map
Proof. This follows from the commutativity of
and the observations that ρ −1 (X 0 ) = X ∩ X an as well as ρ −1 (X 0 ∩ F X ) = Σ F .
Definition 3.7. Let Y be a closed subset of X 0 . The projection
is called the tropical variety associated to Y relative to X. Proposition 3.9. Suppose we are given a toric variety X = X(∆) defined by an integral pointed polyhedral fan ∆ in N R with big torus T . Then we have
Proof. It is enough to note that the diagram
We are going to use the following technical Lemma in the proof of Lemma 3.12. Proof. The inclusion ⊇ is trivial. For the converse inclusion consider an element w ∈ Trop(Y ). Our goal is to find a point q ∈ U an such that trop(q) = w.
We can find a non-trivially valued complete algebraically closed field K extending k such that trop(t) = w for an element t ∈ Y (K). Passing to t −1 Y K we can assume w = 0 and t = e, the identity element in T (K). Write K
• for the valuation ring of K andK for the residue field of K
• . Denote the canonical K
• -model of T K over K 0 by T K • and write Y K for the closure of Y K in T K • , i.e. the unique closed subscheme of T K • that has Y K as its generic fiber and is flat over K
• . By the fundamental theorem of tropical algebraic geometry the special fiber Y K,s of Y K overK, is non-empty (see e.g. [Gub13, Section 5]). By [Gub13, Proposition 4.14] for everyK-rational pointq of the special fiber Y K,s there is a K
• -rational point q of Y K mapping toq via the reduction map, that is also contained in U. Sinceq ∈ T s (K) = (K * ) n , all of the components ofq are nonzero. Therefore all components of q have norm 1, which implies trop(q) = 0.
3.4. Structure of tropical varieties. We are now going to prove Theorem 1.1 based on the following description of the local structure of Trop X (Y ).
Let Y be a closed subset of the open stratum X 0 of a log-regular variety X. Given ξ ∈ F X , let γ : U → Z be a ξ-small chart into an affine toric variety Z = Spec k[P ] with big torus T = Spec k[P gp ]. As an immediate consequence of Lemma 2.6 we obtain the following Lemma.
Lemma 3.11. The toric chart γ induces an isomorphism Σ U ≃ Σ Z and the diagram
Proposition 3.12. Under the identification Σ U ≃ Σ Z from Lemma 3.11 we have
Proof. By Chevelley's theorem [Gro64, 1.8.4] the subset γ(Y ∩ U) is constructible. Therefore Lemma 3.10 implies
Applying Proposition 3.9 and Lemma 3.11 finishes the proof.
Proof of Theorem 1.1. Choose a covering U i of X by ξ i -small toric charts γ i :
By Proposition 3.12 we have
implictly using the identifications coming from Lemma 3.11. Proposition 3.13. Let X be a log-regular variety and let X ′ → X be a toroidal modification. Given a closed subset Y ⊆ X 0 , under the piecewise Z-linear homeomorphic identification Σ X ′ ≃ Σ X we have
on the level of characteristic morphisms naturally induces a commutative diagram Part (ii): Suppose Trop X ′ (Y ) contains Σ X . Note first that the intersection of Y with all toroidal strata is non-empty by Lemma 4.1. Let σ = σ(ξ) be the cone in Σ X associated to ξ ∈ F X . We want to show that
where E = E(ξ) denotes the stratum E corresponding to ξ. The inequality ≥ always holds; so we are left to show the converse inequality. 
and this shows the desired inequality, since we can cover Y ∩ E by ξ-small toric charts.
Proof of Theorem 1.3. By Nagata's embedding theorem and logarithmic resolution of singularities we can find a compactification X * of X 0 such that X * − X 0 has simple normal crossings. So, endowed with the logarithmic structure induced by the divisor X * − X 0 , the variety X * is log-regular. By Theorem 1.1 Trop X * (Y ) is a polyhedral cone complex with integral structure. So we can choose a proper subdivision
is subcomplex of Σ X ′ . Now let X be the log-regular variety consisting of all strata E = E(ξ) of X ′ whose associated cone σ = σ(ξ) is a subset of Trop X ′ (Y ), or equivalently (by Lemma 4.1) all strata of X ′ intersecting the closure Y of Y in X ′ . By Theorem 1.2 the log-regular variety X has the desired properties. Suppose now that k = C. The following Lemma is essentially contained in [Del71] . We refer to [Pay13, Theorem 4.4] for an explicit proof of this fact.
Lemma 5.1 (Deligne's Lemma). There are natural isomorphisms
for all i ∈ Z.
Proof of Theorem 1.4. Suppose that X is log-regular. By [Kat94, Proposition 9.8], which, in turn, relies on [KKMSD73, Theorem 11*], we can find a proper subdivision F ′ → F inducing a toroidal modification X ′ → X such that X ′ is smooth. Then the divisor D ′ = X ′ − X 0 has simple normal crossings and Deligne's Lemma 5.1 implies
Since the proper subdivision F ′ → F induces a proper subdivision Σ F ′ of Σ F , it follows that L(Σ X ′ ) and L(Σ X ) are homeomorphic. 
